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A Method for Extracting Aerodynamic
Coefficients from Free-Flight Data

Gary T. Cuarman* Anp DonN B. Kirgt
NASA Ames Research Center, Moffett Field, Calif.

Methods now used to obtain aerodynamic coefficients from free-flight data introduce as-
sumptions and limitations into the equations of motion (e.g., linear aerodynamics, small
amplitudes of oscillation, constant roll rate, etc.) so that closed-form solutions can be ob-
tained. Experimental free-flight data are then “fit’* by adjusting coefficients and initial con-
ditions in these expressions. A method described herein eliminates the need for closed-form
solutions by employing numerical solutions to the equations of motion. This makes pos-
sible a far more general treatment. A least-squares technique employing differential cor-
rections must be used; for this, partial derivatives of each dependent variable with respect
to each unknown coefficient, including all initial conditions, must be known accurately at
every data station. Application of the method of parametric differentiation yields the re-
quired accuracy in these partial derivatives and rapid convergence of the solution is usually
obtained. Four cases are presented to illustrate specific points: 1) linear aerodynamics,
duplication .of existing methods; 2) nonlinear aerodynamics, simultaneous analysis of four
ballistic-range flights of models of the Gemini capsule; 3) varying freestream density along
a trajectory; and 4) large amplitude (to 40° resultant angle of attack) rolling motion of a
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trimmed Apollo Command Capsule model.

Introduction

OST of the methods presently in use for obtaining aero-
dynamic coefficients from an observed motion of a
body in flight use analytic solutions to the equations of mo-
tion.1=® However, since both the equations of motion them-
selves and the aerodynamic coefficients that enter them are
in general nonlinear, the analytic solutions involve various
assumptions. Among the more common assumptions are
small amplitudes of oscillation, linear aerodynamics, con-
stant roll rate, constant freestream test conditions, constant
model inertial properties, and axially symmetric models with
only small asymmetries.

Auxiliary methods have been developed to remove some of
these assumptions in special cases. For example, methods
are available for determining a nonlinear static moment from
the quasi-linear values of the moment obtained by analyzing
a number of flights of a given configuration at different
pitching amplitudes.®* Also, attempts have been made to
effect analog integration of the equations of motion to match
the observations. These latter efforts, while often useful,
have lacked objectivity because they depend to some extent on
individual judgment. No unique or “best’” solution is
possible.

It would be valuable to have a method of analysis free of
the constraints mentioned. This paper describes such a
method. First, the fundamentals used in applying the
method are illustrated. Then the method is applied to four
examples of varying complexity, and the diversity of its
application is demonstrated. Alternate approaches for
numerically fitting differential equations to experimental
data, which lead to results equivalent to those obtained
herein, are described in Refs. 5 and 6.

Method of Analysis

As in-the case of existing methods; the basis of the present
method is the minimization of the deviations of a set of ex-
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perimental data from a calculated motion. The case in
which only a single dependent variable « is involved will be
considered first. We wish to minimize the sum of the squares
of the residuals (SSR) defined as follows:

SSR = ~Z:1 {aexp(xi) - Olcnl(:Ei)]? (1)

In the present context, « is the angle of attack, ; is the dis-
tance measured along the flight path, and the subscripts exp
and cal denote experimental and calculated values of the
angle of attack. The summation extends over-all n points
at which data have been taken. Note that the independent
variable x; is assumed to be known exactly.

Traditionally in aeroballistic range work, an approximate
closed-form solution for a and a conventional least-squares
procedure are used to obtain all unknown constants in the
solution. Should these constants appear in either a nonlinear
or a transcendental manner, a least-squares technique em-
ploying differential corrections would be used. However,
here we will assume that only an unsolved differential equa-
tion is at our disposal. For illustration, consider the follow-
ing second-order nonlinear differential equation

a” + (€ + Cata’ + (Cs + Ciad)a = 0 2)
with the initial conditions
| a(0) = Cs
a’(0) = Cs

Primes denote derivatives with respect to distance z. The
constants C1 and C, define the nonlinear damping moment,
and the constants C; and C: define the nonlinear static mo-
ment. We wish to determine the four aerodynamic param-
eters (C1—Cy) and the two initial conditions so that the sum
of the squares of the residuals given by Eq. (1) is minimized.
The method of differential corrections is used to do this.

A means to obtain initial values of the six unknowns re-
quired to start the differential correction procedure is outlined
in the Appendix. Assume that we have these starting values,
and expand « about this approximate solution using a Taylor
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series. Theresultis

6

Olca1(x¢) = Oloal(JJi)o + Z <@‘>,AC]Z = 1,2, e, (3)
sZ1\oC}

where oa1(%:)o is the value of « at z:, obtained by numerical
integration of Eq. (2) using the starting values for the six
unknowns, and AC; is the correction to the coeflicient C; to
give a better fit. Substituting this equation into Eq. (1) yields

n 6 2
SSR = Z [aexp(xi) - acal(xi)o - Z (a—a)zAC]] (4:)
i=1 =1\0C;
If the partial derivatives in this equation were known, it
would be a straightforward process to obtain the AC;’s which,
on an iterative basis, would minimize the SSR. Much time
was spent by the authors in attempting to determine these
partial derivatives with sufficient accuracy. An unsuccessful
method will be described first to illustrate the problems.

The first attempt was to perturb, one at a time, the (s,
numerically integrate Eq. (2), and then form the partial
derivatives using differences between the perturbed and un-
perturbed numerical solutions. This appeared to be a
straightforward way of obtaining these derivatives. It did
not lead to much success for the following reasons. If the
perturbation chosen is too small, there will not be a big
enough difference in the numerical solutions near the be-
ginning of the integration to produce accurate derivatives.
On the other hand, if the perturbation is large enough to get
accurate derivatives near the start of the integration, the
solution becomes so drastically different from the unper-
turbed solution at the end of the integration that the differ-
ence no longer represents a derivative. TUsing a fixed per-
turbation, the least-squares process diverged about half the
time. Furthermore, when the least-squares process did
converge, it converged to slightly different values depending
on the size of the perturbation. It is very likely that this
technique could be made to work with perturbations of many
different sizes to get uniformly accurate results over a tra-
jectory. However, a different approach was found to be
the best solution.

The method that succeeded was that of parametric differ-
entiation,” which yields the partial derivatives with essen-
tially uniform accuracy over the trajectory. It proceeds
as follows. First define the following notation:

oa ., _OP; Qa’ ., OW; oo
o077 T T o A0y T a2

r; =

Note that it is explicitly assumed here that the order of
differentiation can be reversed and that

2 ()2 ()
2C; \oz / ~ 0z \dC;
For well-behaved functions, this is normally true.

Now differentiate Eq. (2) with respect to C; to obtain the
following six differential equations:

P’y + (Cy + Coa®)P’, +
2C:aa’ -+ C3 + 3C®»P; = —a'

P”2 + (01 + C2a2)P'2 -+
2Cxa’ + Cs + 3Ca®) Py = —aa’

P’ ++ (Cr 4+ Coa®)P5 -

@2Caa’ + C; + 3C:a®)Ps; = —a (5)

P+ (Cy + Coa)P's +
2Caa’ + C5 + 3C1a®)Py = — b

P’ 4 (Cy + Coa®)P?y -+
2Caa’ + C; + 3C:a®)P; = 0
P’ 4 (Cy + Cra®)P’s 4 (20haa’ + C5 + 3Ci02)Ps =
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The initial conditions for these equations are
P1 =P2 =P3 =P4 =P6 =0

Piy=Py=Py=P,=P;=0

atz =0 (6)
P5 =].
Pls=1

Note that these are all linear differential equations with
variable coefficients. However, both the variable coefficients
and the right-hand sides of the first four equations are known
from the numerical solution to Eq. (2). Numerical solu-
tions to Eqs. (5) yield the partial derivatives of interest.
The corrections (AC) to the six unknown coefficients can
then be obtained by solving the matrix equation

[4] [AC] = [B] -
6X66X1  6X1

where general elements of the A and B matrices are given by

* (o« da
=% (50).Ga).

a du
’,’;1 (aexp - acal)i <56,;)1

New values of the unknown coefficients C; are obtained by
adding AC; to the present value, and the iteration process is
continued until any prescribed degree of convergence is
reached.

8
B;

If

Application of the Method

As stated previously, the proposed method worked suc-
cessfully only about 509, of the time until the method of
parametric differentiation was incorporated to determine the
required partial derivatives. Since this change, a converged
solution has been obtained every time, despite the fact that
more and more complicated differential equations have been
used. Not enough experience is available, however, to set a
limit on the complexity of the differential equations that can
be treated or the number of unknown coefficients that can
be determined from experimental data. To illustrate the
validity and flexibility of the method, we will apply it to four
different cases.

Linear Aerodynamics

The method was first applied to a case in which a solution
is known, namely, the tricyclic solution of Ref. 1. Rather
than deal with experimental data, exact trajectories were
generated and used in testing the new approach. Explicitly
assumed were linear aerodynamics and a constant roll rate
(p). The differential equations involved are

o’ + A’ + Asa — Ajsinpr + ]

As cospr + %pﬂ’ =0
! 9
B" + A8’ + A8 + Az cospr + )
A4 sinpz — {fpa’ =0
I,

where « is the angle of attack and 8 is the angle of sideslip.
Note that A4, is related to the aerodynamic damping deriva-
tive, Cn, + Cn, A2 to the pitching-moment-curve slope,
Cra and Az and A4 to the trim angle. A typical case an-
alyzed is shown in Fig. 1; the resultant angle-of-attack is
plotted vs distance flown in Fig. 1a, and a crossplot of «
vs B is shown in Fig. 1b. Note in Fig. 1a that the dis-
tance between successive peaks is constant, characteristic of
a linear system. The method reproduced exactly the nine
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coeflicients (p, A; to A4, four initial conditions) that generated
the data, as it should. Most encouraging was the relatively
short computer time needed to get a converged solution, and
also the rate of convergence obtained. The computer time
was essentially equivalent to that required for existing meth-
ods (=1 min, IBM 7094). The rate of convergence was
rapid. A sample of the rate of convergence, as given by the
standard deviation of the fit from one iteration to the next, is
as follows: 7.33°, 2.97°, 0.92°, 0.104°, 0.001°. The initial
guesses of the coefficients were not critical; for the above
example, every coefficient differed initially from its true
value by at least 209.

Nonlinear Aerodynamics

A series of ballistic-range tests of models of the Gemini
capsule conducted about five years ago in the Ames Pressur-
ized Ballistic Range indicated that both the static moment
and the damping moment governing the model oscillations
were nonlinear functions of angle of attack.? Four of these
flights were essentially planar and have been analyzed simul-
taneously?® using the one-degree-of-freedom simulation given
by Eq. (2). Twelve unknown coefficients were sought—four
aerodynamic parameters and eight initial conditions, two for
each flight. The solution converged as follows: SD{(a) =
2.29°, 1.40°, 0.88°, 0.75°, 0.7426°, 0.7424°, and 0.7424°.
The data points for the four flights together with the fit ob-
tained by the new method are shown in Fig. 2. Values
the four coefficients C; through C, are as follows: C;
—0.00607/ft, C; = 0.000105/1t deg?, C; = 0.0208/ft?, C;
—0.0000375/t2 deg?2.

Several points should be made at this time. The first is
that the nonlinear static moment obtained by the present
analysis is essentially the same as that obtained previously
using the method of Ref. 4. This comparison is shown in
Fig. 3. The authors were of the opinon that no previous
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Fig. 1 Motion involving linear aerodynamiecs.

1 The nonlinearities were not strong enough to allow deter-
mination from a single flight with any precision.
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Fig. 2 Motions involving nonlinear aerodynamics; a) run

575; b) run 582; c) run 584; d) run 585.

technignes for obtaining the nonlinear damping moment from
these data have been available. However this was proven
incorrect by C. Murphy of BRLwho, in private correspondence
with the authors, successfully extracted the nonlinear damp-
ing moment using quasilinear techniques.?

Another point is that if one looks carefully at the fits to
the experimental data shown in Fig. 2, three of the motions
are matched very well, while run 582 leaves something to be
desired. For this run (although small amplitude and hence
small residuals), the fitted motion leads the data points at
the early stations, reproduces the data well in the middle of
the flight, and lags the data points at the end of the flight.
When the present analysis was first performed, it was not
realized that any intentional difference existed between the
models tested in the four flights. However, the model tested
in run 582 turned out to have had no “simulated window
cutouts,” whereas the models for the other three flights did.
As discussed in Ref. 8, the effect of the window cutouts was
relatively minor, but when more than one flight is being
analyzed at once, as in the present case, minor differences
in the aerodynamies can be -detected. This kind of effect



756 G. T. CHAPMAN AND D. B. KIRK

06

——— 4 RUNS, PRESENT METHOD
—--- 3 RUNS, PRESENT METHOD
—— 4 RUNS, METHOD OF REF.4

a, deg

Fig. 3 Comparison of deduced moment coefficients.

becomes more pronounced with increasing distance flown.
The three remaining runs, where the design model geometry
was constant, were then analyzed together. As would be
expected, the standard deviation in the fit did become better
[SD(a) = 0.7183°], but the improvement was small due to
the small amplitude of run 582. The values of C;~Cy are
now; C; = —0.00549, C, = 0.000096, C; = 0.0204, and C, =
—0.0000353. These coefficients generate moments that
differ only slightly from the previous set. The static mo-
ment obtained from these coefficients is also shown in Fig. 3.

Linear Aerodynamics, Variable Density

A frequent occurrence in countercurrent ballistic facilities
is a variation in the air density along the model trajectory.
Normally, the air density encountered by the model is known,
and the variation is relatively small. In the past, an average
air density of a particular flight (or portion of a flight) has
been used to obtain the aerodynamic coefficients for that
flight, even though the density was known to vary.

Since the present method can be adapted easily to permit
varying air density, it was decided to compare this application
with the previous solution which assumed an average density.
The equations used were the same as Eq. (9), modified for
an arbitrary density variation p(z):

a” + p@)[Bia’ + Bsa — Bj sinpx + By cospz] +

I, r —

I; el 10)
8" + p(@)[B:iB’ + BsB + B; cospr + By sinpz] —

I,

E pa = 0

Again, exaet trajectories were generated and then analyzed
by the two methods. One density variation considered is
shown in Fig. 4 and was presumed known exactly. Note
that a variation this large would probably never be experi-
enced in an actual ballistic-range test, but could be encoun-
tered in flights exiting (or entering) the atmosphere.

Figure 5 is analogous to Fig. 1 and shows the motion
analyzed. Note in Fig. 5a that the distance between
successive peaks is increasing with distance flown, due to the
decreasing air density. A cross-plot of @ vs 8 is shown in
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Fig. 4 Assumed density variation.
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Fig. 5b. The present method converged identically to
this solution. The rate of convergence is indicated as follows:
SD (a? 4 82)1/2 = 4.99°, 1.37°, 0.13°, and 0.002°,

The fit obtained from the conventional “‘constant density”
program? is shown in Fig. 6. As would be expected, some
kind of “average” to the motion is obtained. Despite the
large density variation assumed, this program still gives an
excellent value for the moment-curve slope (—0.321 vs
—0.316) and even a realistic measure of the aerodynamic
damping (—6.37 after applying the corrections given in Ref.
3 vs —4.0). It should be emphasized, though, that it is
risky to trust the deduced aerodynamics when any assump-
tion is badly violated. Although useful results are often ob-
tained, there is no guarantee of this being true in any- parti-
cular case. An approach like the present method is pre-
ferable.

Large Amplitudes

A number of high-speed flights have been made of models
of the Apollo Command Capsule in the Ames Hypervelocity
Free-Flight Facility. These models were ballasted to move
their center of gravity off the axis of symmetry, inducing a
trim angle of roughly 30°. They were launched from a
smooth-bore gun and the majority of the shots resulted in
fairly planar motions having little roll. These shots could
be successfully analyzed using existing data-reduction tech-
niques and the major parameters of interest obtained (trim
angle-of-attack, lift-curve slope, etc.).

Despite the lack of rifling in the gun, some of the models
experienced high roll rates and hence motions were obtained
that were anything but planar. Attempts were made to
analyze these flights with existing data-reduction techniques,
although it was realized that the results would be question-
able because several assumptions were being violated (large
amplitudes, large c.g. offset in conjunction with high roll
rate). However, no results were obtained because the solu-
tions diverged when these runs were analyzed. One such
motion is shown in Fig. 7a where a crossplot of the Euler
angles 6 vs ¢ is shown (yaw through ¥, pitch through 8, roll
through ¢). A hand fairing of the data is also indicated.
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Fig. 5 Motion involving varying air density.
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The present method has been used on this particular flight
with a number of different sets of differential equations.
Convergence of the solution has been obtained in each in-
stance. However, the standard deviation of the fit (in every
case more than 3°) leaves much to be desired. A standard
deviation this large means that the wrong differential equa-
tions are being used to analyze the motion. The major
cause for not being able to determine the appropriate differ-
ential equations to use lies in the fact that the roll angle ¢
was not a measured parameter. Attempting to reconstruct
the roll history in a complicated case such as this without any
direct observations is difficult. Furthermore, with both
large trim and roll rate, many aerodynamic derivatives nor-
mally neglected may be required to get a good fit.

The best fit obtained to the experimental data is shown
in Fig. 7b. This fit was obtained assuming the roll rate to
be a linear function of time (i.e., = po + Pof). This rep-
resentation resulted in a significantly better fit than that ob-
tained assuming constant roll rate. Note that the basic
character of the motion has been matched, although the
standard deviation was 3.1°. Aerodynamic results from this
fit gave a value of trim angle-of-attack that agreed closely
with data from analysis of near-planar motions. The value
of C.a obtained also agreed closely with previous results.
The fact that this flight could be analyzed at all is considered
encouraging since the data previously had to be discarded as
unusable. Note again that lack of a better fit to the motion
is caused by not knowing the differential equations to use to
match the motion (caused mainly by failure to measure roll
orientation) rather than by any limitation inherent in the
present method.

Concluding Remarks

A new approach to the problem of obtaining aerodynamic
coeflicients from an observed motion of a body in flight has
been presented. More exact differential equations of motion
can be considered by employing numerical techniques rather
than approximate analytic solutions. The method of
parametric differentiation allows the differential equations
themselves to be used, by providing an accurate determina-
tion of the partial derivatives of the dependent variables with
respect to the unknown coefficients. The examples pre-
sented show the new method to be very versatile. Not
enough experience is yet available to know how eomplicated
the governing differential equations can become and still be
handled by the present approach.

Appendix: Starting Solution

In iterative solutions, the question arises as to how accurate
the starting values of the coefficients must be to lead to con-
vergence. If the starting solution does not roughly describe
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Fig. 6 Analysis of motion assuming constant density.
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Fig. 7 Motion involving a large trim angle.

the experimental data, divergence of the solution most often
occurs. On the other hand, time spent in obtaining too
accurate a solution may not be justified.

Consider the following differential equation [Eq. (2)]:

OL” + (01 + Cza2)a' "I— (03 + 04(12)0( = 0 (Al)
with the initial conditions
a(O) = o 0['(0) = a'o

The coefficients C;-C4 are not equally critical in determining
an approximate fit to the data. In most cases, the critical
coefficient is C5, which has the strongest effect on the fre-
quency of the oscillatory motion. For nonlinearities that are
not too large, Cy, Cy, and C4 can be set initially to zero; a good
guess of C3 and the initial conditions, which can be obtained
from hand-fairing the data, usually leads to convergence.

However, a procedure to give the starting solution more
systematically and which also is not time consuming has been
outlined in Ref. 9, and is as follows. Equation (A1) is
integrated to yield

3 21
alz) = a + <0l'o + Ciay + Cs a?()) z; -+ Cy fo adr +

—6;2 OM otdr + Cs f Oxi fo ° adedy + C, f:i foz odrdx
(A2)

If the data points are close enough together that reason-
ably good values of these integrals can be obtained, the
method of least-squares can be used to obtain starting values
of the coefficients and initial conditions. If the data are too
sparse, this is not accurate since good integrations are not
obtained. In such a case, the experimental data should be
hand-faired and additional points from the fairing should be
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used as data, but only in obtaining the starting values. Note
that this method can give values of the coefficients that best
fit any given fairing of the experimental data. To modify
this fairing of the data and obtain a better fit requires the
parametric differentiation technique described in this paper.
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A Transformation Theory for the Compressible Turbulent

Boundary Layer with Mass Transfer
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The problem of the turbulent boundary layer with variable fluid properties and transpira-
tion at constant pressure has been treated by modification and extension of the Coles’ com-
pressibility transformation. This analysis has been applied to several cases involving mass
transfer both with and without chemical reactions. Comparison of these results with experi-
ment has shown they yield more accurate predictions for gross boundary-layer properties than
those obtained using earlier analyses. In addition, detailed analysis of velocity profiles has
shown that the transformation correctly maps the “law of the wall®’ region to a constant
property form. However, in complete analogy with the behavior observed by Baronti and
Libby for the high-speed impermeable case, it is found that the transformation distorts the
wake region of the profiles in the sense that the flat plate value of the Coles’ wake parameter I1
is not recovered. The magnitude of this distortion is shown to be roughly correlated by the
density ratio p./p. across the boundary layer.

Nomenclature
cs,és = local skin-friction coefficients
F:F = pubw/pelle, 57—)W/512e
ki,k: = law of the wall constants, Eq. (21)
M = Mach number
R.,Rz = Reynolds numbers based on z,&
Ry,R3 = Reynolds numbers based on y,7
Rs,R; = Reynolds numbers based on §,
Rs,R3 = Reynolds numbers based on 6,6
T,T: = temperature, total temperature
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u, = streamwise velocity components

U = (2e)*[(1 + 2Fa/es)v? — 11/F

v,D = normal velocity components

w = functional form = 24%*3 — 2a)

w = molecular weight

z,% = streamwise coordinates

y,§ = normal coordinates

Y = mass fraction

o = Ry/RS

8,6 = boundary-layer thicknesses

&¢ = 2F/c;,2F /ey

né o = parameters of the transformation

6,6 = momentum thicknesses

1yt = coeflicients of viscosity

I = Coles’ wake parameter, Eq. (22)

Pyp = densities

o = ‘7/-"8./ I

7,/ = shear stresses (including Reynolds stresses)
@ =& = (v/k)(2 — w) — (1/k)lna

xX = Reynolds numbers based on distance from arbitrary

initial station
Y,¥ = stream functions



